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SUMMARY
Expressionsforthevelocitypotentialandtheliftandmomentare
derivedforthin,oscillating,“arrowhead”typewingswithsupersonic
edgesmovingata constantsupersonicspeed.Thetriangularwingand
anyoneoftheseriesofwingsobtainedfromitby cuttingitsrearward
partsothattheflownormaltotheresultingtrailingedgesremains
supersonicareincludedinthetermarrowheadt~e. Explicitresults
h fortheliftandmomentaregivenforthewingsundergoingharmonic
pitchingandverticaloscillations.
*
Closedexpressionsforthevelocitypotential,sectionforceand
momentcoefficientsforanyarrowheadwing,andtotalforceandmoment
coefficientsforonlythetriangularor deltawingaredevelopedexplic-
itlytothethirdpowerofthefrequencyofoscillation.Theseexpres-
sionsmaybe sufficientformostpracticalapplications.
Thewingsconsideredarefoundto exhibithepossibilityofnega-
tivedampingintorsionforcertainrangesofMachnumberandaxis-of-
rotationposition.A figureshowingtherangesoftheseparametersfor
triangularwingsisgivenherein.
INTRODUCTION
Inhigh-speed-aircraftdesign,a knowledgeoftheairforcesand
momentsthatactonvarioust~es of oscillating-wingplanformsis
oftenrequired.Suchknowledge’isusefulin,consideringa nuuiberof
instabilityproblems,mong whicharewingflutterandlow-frequency
instabilityoftheaircraftinvolvingcontrol-surfacedeflections.The
mainsourceoftheoreticalinformationhasbeenthesolutionofthe
linearizeddifferentialequationforcompressibleflow.
Theproblemof findingtheairforcesonan oscillatingor steady
thinwingin supersonicflowisusuallyformulatedintermsofthedis-
turbancevelocitypotentialforthewing. Thedisturbancev locity
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potentialisconstructedby superposingsolutionsofthelinearized - --—
differentialequation,
---
correspondingta sources,doublets,orhigher- _ _ &
ordersingulariti6ti,in sucha w%yasto sat-isfytheboundaryconditions L
at thewingsurfaceandat infinity.Thelinearizeddifferentialequa- ..
tionanditsboundaryconditionsconstituteheboundary-valueproblem1“”~
forthevelocitypotentialforthewing. .-
.
Thepresentpaperis.concernedwiththeboundary-valueproblemfor
thevelocitypotential@r an=pex-fo~rdjthin,flat,oscillating,
triangularorrelatedwingwithsupersonicedgesmovingat-aconstant
supersonic.speed.Accordingtoreference1$thisproblemaybe clas-
sifiedas “purelysupersonic,”sincetheupperandlowersurfacesof the
wingcanbe regardedasactingindependentlyotineanother,andis sat-
isfiedby a stifacedistributionf sourcesyithlQcalstrengthpropor-
tionaltothelocalprescribednormalvelociiyatthewingsurface.
Althoughrefererice1 doesnotexjqlic~%yire~%theoscillatingtriangular ._
wing,itsgeneralsolutionmustbe regardedasgivingthevelocity
potentialforthiswinginintegralforin.~fiepurposeofthepresent
paperisthentoobtainan.integrated.formforthe..velocitypotential,
frcintheintegral-f~imsolutionofrefe”retic~..l, fortheparticularcase
oftheoscillatingtriangularorrelatedwiti.
.—
. .
.,.
—
..:-
--
—
L ““
.-
.==
Ina strictsensethisintegratedformhppliesto a semi-infinite &_.
triangularplanfoi-m.But;sincethetingwakeiso~no concerninthe
present.developrneh~,t evelocjtypotenti&l_haybeconsideredto apply
toanyoneoftheseriesofwingsobtainedProma triangularwingwith
supersonicedgesby cuttingthereatirdpsi%ofthiswingin such”a ,.
mannerthattheflownoimaltotheresultingtrailingedgesremains
.-
supersonic.Allthesewings,includingthe%riangularwing,arehence-
forthreferredto ingeneralasarrowheadwings.
ThereLifese~eralother~pers closelyassociatedwiththesubject
beingconsidered.Inreferences2 and3 thetreatmeptofoscillating,
finite,sweptwin@ involvedan Int=graifoi%forthevelocitypotential
quitesimilartothatfortheoscillatingarrowheadwing. Inrefer-.—-.
ences4 and~j rnor~directly,ekpre~eionsforthetotalliftandmoment
weregivenforthej?articularoscillatingarrowheadwingwithsuper-
sonicedgesknownas the“wideiideltawing. — —
ThepresentptiperAffectivelyincludeithetotalforc~$aidmoments
forthewidedeltagiveninr~feretices4 and5. Inadditionthe’present
payergivesthefo~cesagdmomentson.mystreamwisewingsectionfor
notonlythewidedeltabtitalsofortheid% generalarrowheadwing.
Thesectionratherthanthetotalforcesad momentsaredesirable,for
example,ina stripflutteranalysisthatincludesthewing-fluttermode
shape.
Thevelocitypotentialforthearrowheadwingdoesnotappearto
be obtainableintermsofelementaryfunctions(seereferenceslahd 4).
‘.
b
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Thesolutionofthistypeofproblem,therefore,isapprox@atedby
variouskindsofexpansion.Thusinreference4 thevelocitypotential
wasexpandedina seriesofBesselfunctions;whereasinreference6,
inthetreatmentoftherectangularwing,an expansioninpowersofthe
frequencyof oscillationwasemployed.Thefrequency-expansionmethod
isutilizedinthispaperandonlythefirstfewtermsofthevelocity
potentialandsubsequentforcesandmomentsareobtained.Thefirst
fewtermsareconsideredadequatefora largeclassofpracticalappli-
cations.Inthederivationfthevelocitypotentialandtheforces
andmoments,thewingsareassumedtobe undergoingharmonicoscilla-
tionsinpitchandverticaltranslation.
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SYMBOLS
disturbance-velocitypo ential
rectangularCartesiancoordinate~
velocityofmainstream
velocityof soundinmainstream
time *
normalvelocityat surfaceofwingatpoint(x)y)
functiondefiningverticaldisplacementofpoint(x2Y)
ofwing
abscissaofaxisofrotationofwingsectionas shownin
figure1
airdensityinmainstream
verticaldisplacementofaxis
maximumamplitudeofvertical
rotationxpositivedownward
angleofattack
of rotation
displacementofaxisor
maximumamplitudeofan@lardisplacementaboutaxisof
rotation,positiveleadingedgeup
timederivativesof h and a, respectively
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(D circularfrequencyofoscillation
M free-streamMachnumber(lJ/a)
p.1?-1
! ,?-1 rectangularCartesiancoordinatesu edtorepresent
locationof sourcesinxy-plane
an)bm functionsof Z, x,and M definedinequation
k slopeofleadingedgeofwingas showninfigure
U,v characteristiccoordinatesdefinedInappendixA
b semichordofmi.dspanwingsection
P)vjkyj nondimensionalcoordinates
(~=%
k reducedfrequency(lxD/U)
Ap local-surfacepressuredifference
(11)
1
.
—.
.-
--
.-
.
P sectionforceperunitspanonwingstripparalleltomain
stream,positivedownward
% sectionmomentperunitspanonwingstripparalleltomain
stream,takenaboutaxisofrotation~, positiveleading
edgeup .
L,,M~ componentsof sectionforceandmomentcoefficients.
4.- J-
r~spectively,definedin
F totalforceondeltawing,
Ra totalmoment=ohdeltawing
positiveleadingedgeup
eqm-tion(Bl); i = 1,2,3,4
positivedownward
‘4
aboutaxisofrotationx =
~? - ..:
-.
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componentsoftotalforcea,ndmomentcoefficients,
respectively,definedinequation(B4);i = 1,2,3,4
functionsof VI, i3,and v definedinequation(B2)
functionsof M, h,and a definedinequation(B3)
distancetopointatwhichextendedtrailingedgeofplan
formD, figure3, intersectsx-axis
semispanofwing
FORMULATIONFPROBLEM
Consideruniformsupersonicflowpasta thin,flat,arrowheadtype
wingas shownin figure1 (withitsleadingedgesoutsidetheMachcone
generatedby thenoseofthewing).Thewingisreferredtoa coordinate
systemfixedin spaceandisassumedtobe creatingsmalldisturbances
inthemainstreamflowingpast.Then,iftheundisturbedstream
velocityisinthedirectionof
tude U, theequationsatisfied
forthewingis
(Laa2 FE
thepositivex-axisandisofmagni-
by thedisturbancev locitypotential
+ u&)2@= ?$ (1)
Thewingisassumedtobe performingoscillationsof smallampli-
tudeaboutitsownundisturbedposition,theplane Z . 0. Theboundary
conditiontobe satisfiedat thewingsurfaceisthen
(39a a% azmz 2+() = W(x,y,t)= u= += (2)
where ~ istheverticaldisplacementofa point(x)y)ofthewing.
Notethatthisboundaryconditionisevaluated,inaccordancewith
small-disturbancelinearizedtheory,atthexy-projectionfthewing
ratherthanat thewingitself.Theadditionalboundaryconditions,
thatonlythewingcansupporta pressuredifferenceandthatthesources
of disturbancemustnotbe feltaheadoftheirrespectiveMachcones,
areautomaticallysatisfiedby thetypeof sourcesynthesistobe
employedinthesolutions.
6 NACATN 2494
Aftertheboundary-valueproblemi-s o~vedforthevelocity
potential@,thepressureoneitherwingsurfacemaybe foundbymeans
ofa linearizedformofBernoulli’sequation
P =-,(gfiug) (3)
where p isthedensityintheundisturbed-stream.
Forthepresentproblemofa wingperfo~ingsmallharmonictor-
sionaloscillationsofamplitudea. aboutsomespanwiseaxis ~
andsmallharmonicverticaltranslationsofamplitude~ (see
fig.l(b)),theequationfor ~ is
(4)
wherem isthefrequencyofoscillation.Substitutionfequation(4)
intoequation(2)gives
W(xYY)t)
‘~+ua+(=o)~ (5)
Sinceequation(1)islinear,thevelocitypotentialsatisfyingequa-
tions(1)and(5)maybe regardedas thesumofthreepotentials,each
beingassociatedwithoneoftheternwontheright-handsideofequa-
tion(5)0 Thusthepotentialisobtainediqtheform
(6)
Thicknesseffectsareconsiderednegligibleand,asa result,
thevelocitypotentialsinequation(6) areassociatedonlywithlif&—
andareantisymmetricalwithrespectotheplane Z=o. Thusonly
onesurfaceoftheprojectedwingneedbe considered.ThetopSUr#bC~
(Z= +0)ischoseninthisanalysisand,sincetheantisymmetrical
potentialis simplyoppositeinsignonthebottomsurface,thepres-
suredifferencesupportedby thewingisobtainedby meansofeqM-
tion(3)as
Ap = -2p(~+U~) (7)
-c-.
.—
.—
..-
--
.
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EQUATIONSFORVELOCITY”
IntegralForm
PmTIAL
Theboundary-valueproblemforthearrowheadwingwithsupersonic
edgesjdiscussedpreviously,is similartothatforthewingofinfinite
spantreatedinreference1. Theprobleminreference1 is showntobe
satisfiedby a distributionr superpositionof sourcesovertheupper
wingsurface.Thusthevelocitypotentialforthearrowheadwing,
irrespectiveofthetypeoftimevariation,is
@(x,Y,+o,t) =-* J tW(E,T)ti ‘T1)+w(t-T2)dqd,(~)s R
where w(~,q) representsthesurfacevariationof sourcestrengthand
M(x - 5)TR
‘1,2= aj32,
R= J(x- E)2 - P*(Y- n)2
—
—
Theregionof integrationS, inequation(8),isthepartofthewing
(in~~-plane)cutoutby thereflectedMachconeopeningupstreamof
thepoint(x,y,+o)as shownby theshadedareainfigure2.
Forthepresentproblemofthewingperformingsmallha~onic
torsionalandverticaloscillations,thetimevariationof source
—
strengthisgivenby
w(t)= etit
Thus,as showninreference1,equation(8)takestheform
where
M #’a)iFl=—.—22aJ3 Up
(9)
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andthevaluesof..w(~,~)fortheharmonicasefromequation(5) are:
For fi,
iup%w(E,~)=imho=—
#b
For Ua,
w(E,v)= UaO
For &(x- ~),
—
.
.*_
.—
—
w(E,~)= —‘U$(E- xJa,
Forcertainpartsoftheregionof thewing(shadedinfig.2)to
whichequation(9) applies,theintegration.canbe carriedoutas in
thecaseoftheinfinitewingconsideredinreference1. Howeverjthe
entirepotential@ doesnotappeartobe obtainableintermsofknown *
functions,Previousmentionofthispoint~s madeintheintroduction,
Inordertogiveconsistenttreatmentto theentire_regionofintegra-
tion,theintegrandofequation(9)maybe expandedinMaclaurin’s ~.-
serieswithrespecto ~, withtheresult hateachtermoftheexpan-
sioncanbe readilyintegrated.Thusequation(9)isusedinthe
followingform:
(10)
[/]where m 2 denotestheintegralpartof
IntegratedForm
m/2.
Thevelocitypotentialtothethirdpowerof ~ isconsidered
auficientfora largenumberofpracticalapplications.Thusequa-
1
tion(10 tothethirdpowerof ~, withany ~ thatmaycome
from W( ,V,t) temporarilyneglected,is
(11)
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.
where
.
$2
al = im+a%-i —x2
$
a3 ‘-ix
idbl=-i~
Thequestionmay’beraisedat thispointas towhetherequation(11)
stillrepresentsa solutionoftheboundary-valueproblemunderdiscus-
sion.Withregardtothisquestion,itcanbe shownthat,whenallthe
‘ termsinvolvingfi up toa givenpoweraretakenintoaccount,thedif-
ferentialequation(1)is satisfiedto thispower.Theboundarycondi-
tionoftangentialflow,equation(5),is satisfiedexactly,regardless
oftheorderof ~ considered,
Puttingthevaluesof w(~,q)giveninequation(9)intoequa-
tion(11)andperformingtheindicatedsurfaceintegration(overthe
shadedregioninfig.2) yieldsthefollowingformsforthevelocity
potentialsinequation(6):
-1x + p%+ B1 COS d+ ‘2 Cos
1
-1 x-q
I (12)
+ D1COS-1 x + 132Xd+ ‘2 ‘Os-l e -
J
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ThecoefficlentmA, Bl, B2, C, Dl,and D2
.
aregiveninappendixA.
Inorder-toperformtheintegrationsthatledtotheresultsrepresented
—
by equation(12),theuseof characteristiccoordinates(Machlinesin k
fig.2)wasfoundconvenient.Reasonsforusingthesecoordinatesare
giveninappendixA, wherea briefaccounbf thederivationofequa-
tion(12)ispresented. , - . ..
—
InthelimitingcasewheretheI&chlinescoincidewiththeleading
edgesofthewing,thatis,when J3A= 1,
lowingform:
equations(12)takethefol-
..
\
(13)
.
q),a= - :(C1- X0@(m” J
ThecoefficientsAl and Cl andthederivationfequation(13)are
alsogiveninappendixA.
FORCESANDMOMENTS
Theprecedingresult-forthevelocitypotential,equation(12),is
nowusedto obtaintheforcesandmomentsonanyoneofa seriesof
wingsgenerallyreferredtohereinas arrowheadtype.As statedin
theintroduction,thewingsbeingconsideredarethosethatmaybe
formedfromthedeltaortriangularwingby cuttingtherearwardpart
ofthiswingin sucha mannerthattheresultingtrailingedgeslie
aheadoftheMachconesenumatingfromtheirforemostpoints.Sketches
of severalwingplanformshavingtheaforementionedcharacteristicsare
shownin figure3.
Theforcesandmomentsactingona wingsection,suchas sectiony
of-figure1,arederivedingeneralform,thatis,intheformapplicable
to anyoftheaforementionedwings.Theseforcesandmomentsareuseful,
forexample,ina stripflutteranalysis.Totalforcesandmomentsare
alsoderived,butonlyforthedeltawing.Thedampingpartofthe
totalmomentdueto a. isusedina studyofthepossiblelossof J
aerodynamicdamping(lossindicatesthatsingle-degreetorsionalflutter
ispossible)ofan oscillatingdeltawing,whichinfersthesamepos-
sibilitywithregardtotheotherwingsconsidered. —““
—
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In derivingtheexpressionsforthesectionandtotalforceand
momentcoefficients,it isconvenientto employthevariablesv, V,
and ~ asthenondimensionalquantities,obtainedby dividingthe
variablesx, y, and ~ by thechord 2b ofthemidspansectionof
lx!.)
thewing,andto introducethereducedfrequencyk = ~.
SectionForcesandMoments
Thelocalpressuredifferenceb tweentheupperandlowersmfaces
ofthewingisgivenbymeansof equation(7)as
(14)
Theexpressionforthesectionforce,positivedownward,istherefore
J
PI
P = -2b Ap dp (15)
V/k
andthesectionmoment,positivenoseup,aboutthear~itraryaxisof
rotationx = X0 is
(16)
Thelimitof integrationPI inequations(15)and (16)has thefol-
lowingvalueswithrespectothedifferentplanformsshownin figure3:
ForplanformA,
~1=1
ForplanformB,
i-11=1-;
ForplanformC,
PI=1+:
ForplanformD,
(17)
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Afterequation(12)issubstitutedintoequations(17)and(16)and
theindicatedintegrationsareperformed,theresultscanbeyrlttenas
and
(18)
(19)
.
.
Inequations(18)and(19)”thereducedfrequencyk, onwhichthe Lits.
and Mi’s aredependentisrelatedto u and ~ inthefollowing
manner:
A briefaccountofthederivationfandexpressionsfortheforceand K-
nmment–coefficientsL and Mi (wherei = 1,2,3,4)appearingin
—
~
equations(18)and(19 isgiveninappendixB. —
.
Inequations(18)and(19)thecoefficients.1 + iL2, Ml + i%
and .3 + iL4, M3 + fM4.-arethesectionliftandmomentcoefficients
associate-dwithverticaltranslationa drotation,respectively,The
real.component--ofL1 + iL2, forexample,isinphasewiththedis-
placementho andtheimaginarypartis90°outofphasewiththis
displacement.Similarinterpretationscanbe giventotheremaining
component.Theimaginarypartofeachofthecoefficientsi propor-
tionaltotheaerodynamicdampingforceormomentassociatedwiththe
respectivemotion.
TotalForces
The”expressionforthe
formAof figure3 is
—
andMomentsfor15eltaWing
totalforce,positivedownward,onplan
AH
L.
F= -&2. & dpdv
o V/k
(20)
J
.
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. Thetotalmoment,positivenoseup,aboutthearbitraryaxisofrota-
tion x = x(-jis
.
Afterequation(12)is substitutedintoequations(20)and(21)
andtheindicatedintegrationsareperformed,
(usingbarredlettersthroughoutto designate
(21)
theresultscanbewrittenas
totalforcesandmoments)
and
( ~a. ti3+ iii
(22)
(23)
Thederivationofthetotalforceandmomentcoefficients~+ and fi+
(i= 1,2,3,4)isalsogiveninappendixB.
SOMECALCULATIONSANDDISCUSSION
Itmaybe of interestothereaderto examinethespanwisedis-
tributionsofthevariouscomponentsofthesectionliftandmoment
coefficientsfora particularcase.Thus,thecomponentsofequa-
tions(18)and(19),givenmorefullyinequation(B.1),havebeen
evaluatedat differentspanwisepositionsy forplanformA of fig-
ure3 forthefollowingsetof conditions:k = p, I-@= 0.5,
~2
= 1.75,and k = 0.04.Thesesampleresultsareplottedas functions
. ofthespanpositioninfigure4. Thespanwisevariationsofthe
section-forcecomponentsareshowninfigureb(a)andthecorresponding
variationsofthesection-momentcoefficientsinfigurek(b).
Thecomponentsofthetotalforceandmomentcoefficients(givenby
equation(B4))havealsobeenevaluatedforthepreviousetofcondi-
tions.Theresults,afterbeingreferredtothenondimensionalspanof
thewing 2X,arerepresentedby dashedlinesinfigure4. As should
be thecase,theareasunderthedashedlinesareequalto thoseunder
therespectivesection-componentcurves.
As a resultofthelineardependenceofthetotalforceandmoment
coefficientsonthe,semiapexangleofthewing,asmaybe notedin
equation(B4),theaverageordinatesofthedistributionsgivenin
.-
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figure4 willnotchangeif-theapexangleischanged.Onlytheshapes
ofthesectionforce.ormomentdistributionswillbe affectedby sucha
variationinangle.
In_the xampleplotted,thetotalcomponent-ofmomentcoeffi-
cientM4 isnegative.Thistermwouldthereforenotcontributeo
theaerodynamicdampingbutwouldact‘asa s&rceofenergyforthe
oscillatingsystem.Thisresultis significantsinceitindicatesthe
~ossibilityof single-degreetorsionalflutter.
Thewingplanformsdiscussedinthispaperexhibithepossibility
oflossofaerodynamicdampingintorsionforcertainrangesofMachnum-
ber M andaxiB-of=rotationl cationPO. Thispossibilityis”indi-
cated,asmentionedinthepreviousparagraph,by thenegativevalue of
thetorsionaLdamping-momentcomponentM4 intheexamplegiven.Since
a wingoscillatesa a rigidbodyata fairlylowfrequencyofoscilla-
tion,themainresultsof-theloss-of-dampingphenomenoncanbe obtained
bymaintaining~4 totheorderof l/k only.Thus, thereisobtained
forplanformAof figure3 thefollowingresultfromequation(B4):
‘4= fip(i - 1).: - 4Po(bM2- 5) + 3(2h?- ] (24)
Ingeneral,torsionalstabilitydepends”onthesignandmagnitude
of m40 Positiveyaluesof---M4 indicatestabilityandnegativevalues
indi~atepossibleinstability.Theborderlinec,aseisthusgiven
by M4 = O.
Thera_~eso~valuesof-MachnumberM andaxisofrotation
forwhichM4 ?inequation(24)vanishes,areshowninfigure5. On ~
onecurveisobtained~oralldeltatingswithsupersonicedges,that
is, PA~ 1,becauseM4 isdependenton A formagnitudeonly,as
maybe notedinequation(24).Theregioninsidethecurveinfigure5
istheregionofpossibleinstability.I?orconvenience,a second
ordinateisgiveninfigure5 showingthevaluesof—-~belowwhichthe
leadingedgesbecomesubsonic.Withtheaidofthissecondordinateit
maybe seenthata deltawingwitha semivertexangleof45°is the
narrowesttriangularwingthatmayshowa torsionalinstabilityandyet
retainthecharacteristic13X> 1 becausetheuppermostpartofthe
.
,
—
—.
—
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curveinthefigurecorrespondstoa valueof k = 1 when ~X . 1.
Fora narrowerwingtohaveat leastsonicedges,itmustbemovingat
a Machnumberwhichwbuldplaceit inthestableregionof figure5.
LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics
LangleyField;Vs.,July11,1951
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APPENDIXA
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COEFFICIENTSOFVELOCITY-POTENTIALEQUATIONS
A derivationfequations(12)and(13)__iEgivenbrieflYhere”
Thesurfaceintegralrepresentedby equation(11)whenwrittenIn
termsofthecharacteristiccoordinatesU,V becomes
where
u= *(E - Ml)
%=*(x -py)
: (’E+B?)v=—
V. =*( X+PY)
Thelimitsof integrationi equation(Al),from
R
*
thecharacteristic
coordinatespreviouslydefinedandfromfigure2,are:
(A2)
3.
*
i
8
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where
1 - pl.7—
‘l+pk
Puttingtheappropriatevaluesof W(u,v) andthelimitsof integration
giveninequation(A2)intoequation(Al)andperformingtheindicated
integrations,andthenrevertingto xy-coordinates,yieldsthepotentials
intheformsgive?inequation(12).Retainingonlythoseterms
associatedwith h or a thatinvolve~ up to thethirdpoweryields
thefollowingvaluesforthecoefficientsinequation(12):-
12X%+
[ 1i~#(38u + 45) + 3u(4a+9)72M%3
)+cr-
Bl(x,y)=
--& (xx+ y) - ~ V2ZG
.p (Ax + Y)2 -#& [“
J?(2rJ+ 3) +
1a (Xx+y)s+i
B2(xjY)= Bl(x,-y)
AxCai Ax%=—- —(a +3)-i
3cr2
1 [ 1‘B2*J2M2(!26+45)+ %a(a+ 3) - 24M?a3
.
(A3)
.
.
Continuedonnextpage
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I)JX,Y) = - -+(--@x+Y) - ;2;xx+ y) +-l!&(Lx+y)2 --
-5-p% ‘L~032(Xx+ y)p+i..&(26 + 3)jAx+ Y)3+
[ 1
~2& 41 F’(4U+ ~) - U(u- j) (xx + Y)3 +
a
*-p .1(2U+ 5)+ 30 (xx+ y$’-
w“=
D2(x,y)= D1(X,”y)
where
Forthecaseinwhich
leadingedgesaresonicor
edges(thatis,when P%=
(A3)
thevelocitycompotientsormaltothe
inwhichtheMachlinescoincidewiththese
1, y = Oj or d e O),itmaybe notedfrom
eq&tion(A2)andfigure2 that-regions11andIIIno longerexist.
Therefore,thepotentialinthiscaseis de%erminedbyin-tegration
over region I only. Thecoefficientsofequation(13)arethusfound
tobe:
Theuse of characteristiccoordinatesleadstoverysimplexpressions
forthelimitsof integrationgiveninequation(A2. In addition,
1theirusesimplifiesthederivationfequation(A4.
.
.
..
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APPENDIXB
.
*
.
.
??OllCEANDMOMENTCOEFFICIENTS
SectionForceandMomentCoefficients
ThecoefficientsLi and Mi (wherei = 1,2,3,4)areobtained
by substituti~equation(12)intoequations(15)and(16)andgrouping
theresultsintheformgiveninequations(18)and(19).These
coefficientsarethereforedefinedas follows:
L1 + iL2=L1’ + iL2’ 7
L3 +iL4=L3’ +iL4’- (;+ 2P*)(L1’ + iL2j
5+iM2=%1’ +%- 2PO(LI’+ iL2’)
)( + + 21J0(%+%)M3 +iM4=M3’ +iM4’ - 2@L3’ + iL4’ - ) J
where
[f
VI
1
.-
M3‘+iM’ 144 =-z F2(2v,2v)vdw- ~2vlF2(2wl,2vj
v/h
Inequations(Bl)thequantityF~(2w,2v)isobtainedfromthequan-
tity Fl(x,y),definedinconnectionwithequation(12),by replacingx
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by 2P, y by 2v,andregardingthe Z5
.
associatedwiththecoeffi-
cientsA, B1,and B2 in Fl(x,y) as al where
.
M2k
~1=—
132
ThequantityF2(29,2~)isobtainedina s@ilarmannerfromthe
expression
F2(X,Y)= c {~-+
theright--handsideofwhich
equation(12).
Dl
is
Considernowthefollowing
co”m+‘2co:’&
recognizedaspartof ~~ in
general definitions,particularforms
ofwhicharecontainedin Li ‘and Mi (i=1,2,3,4):
—
Withtheaidof-equation(B2),the Lit’and Mif(i= 1,2,3,4)
equation(Bl)maybe writtenas
(B2)
of
.
.
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.
.2TCL1‘ = (WEO1+ %HO10+P2F02°)(+ a2G02+ CX3G20+ ~4E03+
. - E21+ 133H03 )+ ~4F040k2
1
9
‘5
-2yrL2’=
-~lFolO~+ (alGol-a2E02 - a3E20+ 13@02°- ~3F03)‘k
-21’rL‘= 71G01+ 72E02+ 7 E o3 3 20+ 51H11 + 82H01’+
o
53H02
o
+ ~4F120+ ~5F03
( )(-2fi4’= - 71E01+ 81F110+ b2Fol’+ 83F020~ + 72G02+ ‘3G20-
74E03- 75E21+ 84H12 + 85H030- 5#130
t
.
- 88F040)
b
1
-2ti1f= ~~(E02- Go,)+ PIH~O + P2(l~20- ~;~ :~Go3 + ‘
( )( )a3G21+ a4E04- G03 + ~ E22- G21 + f33H130+
(B3)
(~4F140- %4]0 k2
-p%’ = @10 9[-Fll ~+ ( )( )aIG02+ U2G02- E03 + a3G20- E21 +
%%2° + P3(Eo30 ]- F130 k
-%M3’ ( )( )= 71G02+ 72E03- G02 + 73E2~- G20 + b1H210+ 5@u’ +
83H12 ( )(
+ 54F220- H120 + 85F13o )- Ho30
( ( )75G21- E22 + b4H220+ b5H130+ 86H~30- F230 +
.
(
67%3’ - ‘o
1
’13‘)+ ~8~04 - F140 k
A
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where
$~ $(4U+ 3) + u[ 1
J
az=”~ “-
A *
(a3= ~p2a23M + ~)
4
a4=- [* M12(18U2 “I+31(J+ 15) + 3u(5a+ 3)
a5 [ 1
M4~ #(38u +’45) -1-3U(J’!U+ 9)
= -s —.-
Pl=-jp $~3=- [ ‘1M2(2a+ 3) + a
M%pi=-’p
73 M%=-—201
,—
.
—
..
.—
—
.
.
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‘2 (2U+ 3)85”~
[ 1
.?E. @(b + 3) - U(a - 3)86=-
$
~7=_ [ 1
41#(2u+ 3) + 3cr
Thecoefficientsinequation(Bj),thatis, ai, pi, yi,and $ij
origins-tejrespectively,?rcrnthecoefficientsA, B1 or B2, C,
and D1 Or D2 definedinap@efidixA, Theq~dtities~ and F&
containedine@lation(B3)areeasilydeterminedfromequation(B2).
ThequantitiesGn and ~j however,aredeterminedby integration,
as indicatedinequation(B2)iTheintegralresultsthatarerequired
inequation(B3)are!
32iJ2
( )
3/2
% ‘y I-LIP= &J2
.—
24
‘FEolo= *A 02°-
H020= ~ Fo30-
Ho30= & Fo4°.-
~4°=~Fo50 -
H110. --& Fo30
[
256u1/2 4
15A ‘g/~Xv (’cr + 5) + X%qv
H120=-~Fo40 + ~ F13°
12L2 --E’2v2”l-
V4(5C+ 3)cosh 1
-1 ~1
E
H130.-—~;’ Fo5°
~601/2
lF
‘~ 140-— [(22u+ 25)Lv4+15X2
II/dv’wf Ilf- IAJ’
o
’21 =
%2° =
+
4V (a + 3)coeh
1
-~IJl
E
.
.
—
,—-— ---
.
—
—
.
l
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~6B261/2
%331= &’041- 3 EvA@- ]-+ XV3(2U+ 1)
As maybe
.
suspectedfrmnthecomplicatedresultsgenerical~represented
F Gn,
~J and ~, thesectionliftandmomentcoefficientsby %J _
arenotsinrplifiedto anylargeextentby algebraiccombination.The
liftandmomentcoefficients,as giveninequation(B3),areina form
whichisperhapsbetterfornumericalevaluationthana combinedform.
Somecautionaryemarksareinorderwithregardtoequations(Bl)
and(B3).In evaluatingthecoefficientsLi and Mi (wherei =3,4)j
thetermsinvolvingk2 shouldbe ignoredbecausetheliftandmoment
coefficientsa sociatedwith a havebee?treatedcompletelyonlyto
thesameorderasthoseassociatedwith h/U. Inequation(B3)onlY
realquantitiesareadmitted.Therefore,thefollowingrestrictions
(mustbe noted for )v>~:~-~
P’”
~o*-l VI+ B*M
miz=T=O
—
cosh-l# = O
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TotalForceandMomentCoefficients
As indicatedinequations(20)and(21),thetotalliftandmoment
coefficients%i and ~f forthedeltawingmsybe obtainedfromthe
previouslyderivedLi and Mi by settingP1= 1 in Li and M~ and
integratingtheresultingexpressionsoverthespanof thewing. The
resultsofthespanwiseintegrationcombine.readilyto yielde~ressions
whicharemuchsimplerthanthecorrespondingonesinthesection-
coefficientcase.Withoutfurtherdetail,thetotalforceandmoment
coefficientsare:
11 +iE2 =E1’ + iE2’ l Y
where
+ l)k2
l (B4)
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—1 41 4A...
Ifequations(22)and(23)hadbeenputintheconventionalform,
L = cLqs
M = c@c
where S istheareaofthewing(forthetriangleS = hbzk),q iS
thedynamicpressure,and c isthewingchord,thentheliftand
“ momentcoefficientsCL and CM,obtainedfromequation(B4),would
be independentof k. Thisresultisratherremarkablesinceitmeans
thattheliftandmomentcoefficientsfora triangularwingwith
> supersonicedgesareindependentofthevertexangleofthetriangle.
Thesameobservationwaspreviouslynotedinreference4.
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